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Abstract 

We prove the existence of hidden symmetries in the general relativ- 
ity theory defined by exact solutions with generic off-diagonal metrics, 
nonholonomic (non-integrable) constraints, and deformations of the 
frame and linear connection structure. A special role in characteriza- 
tion of such spacetimes is played by the corresponding nonholonomic 
generalizations of Stackel-Killing and Killing- Yano tensors. There are 
constructed new classes of black hole solutions and studied hidden 
symmetries for ellipsoidal and/or solitonic deformations of "prime" 
Kerr-Sen black holes into "target" off-diagonal metrics. In general, 
the classical conserved quantities (integrable and not-integrable) do 
not transfer to the quantized systems and produce quantum gravita- 
tional anomalies. We prove that such anomalies can be eliminated via 
corresponding nonholonomic deformations of fundamental geometric 
objects (connections and corresponding Riemannian and Ricci tensors) 
and by frame transforms. 
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1 Introduction 



A very important task in the study of classical and quantum gravita- 
tional and matter field interactions is to determine the corresponding sym- 
metries of dynamical systems and to identify the constants of motion and 
related conservation laws. In general, the evolution of a dynamical system 
is described in the phase-space when nonholonomic (equivalently, anholo- 
nomic and/or non-integrable) constraints are imposed on dynamical vari- 
ables. Various methods of nonholonomic geometry are considered in classical 
Lagrange/Hamilton mechanics, in quantum field theory of gauge fields and, 
for instance, in the Dirac approach to perturbative quantum gravity. 

It is natural to search of conserved quantities corresponding to nonholo- 
nomically deformed and/or hidden symmetries of the complete phase-space, 
not just for the configuration one. For instance, a fundamental hidden sym- 
metry for rotating black hole spacetimes with spherical horizon topology and 
Taub-NUT solutions is the Killing- Yano (KY) one [I], see details in refer- 
ences in [21 [3l H]. There were considered various types of generalized and 
associated hidden symmetries. A large class of symmetries is characterized 
by higher rank symmetric Stackel-Killing (SK) tensors which generalize the 
Killing vectors There were considered also antisymmetric KY tensors, cor- 
responding conformal extensions (CSK and CKY) etc, see reviews of results 
and applications in O El [7] . 

Quite generally, this paper is connected with three recent directions in 
modern string gravity, supergravity and applications of Ricci flow theory in 
physics. The first one is with extensions of the KY symmetry in the presence 
of skew-symmetric torsion [HI [9l [101 (H]- The second one was proposed in 
two papers on anholonomic frames, generalized Killing equations and Dirac 
operators considered on anisotropic Taub NUT spinning spaces [12l [T3] . 
The third direction is related to some geometric methods in the geometry of 
nonholonomic Ricci flows and constructing wave type solutions for Einstein 
and/or Finsler spaces [T^ [T5]. 

In our recent works, there were proved two important results: 1) Us- 
ing the anholonomic deformation method |141 115j. it is possible to decouple 
(equivalently, separate) the Einstein equations and generate exact solutions 
in very general forms. 2) Working with nonholonomic deformations of the 
Levi-Civita connection to certain auxiliary connections (also uniquely de- 

^Such higher order symmetries are called "hidden symmetries" and the corresponding 
holonomic (un-constrained) values are quadratic, or (in general) polynomial in momenta. 
In this work, we study more general gravitational nonlinear systems with non-integrable 
constraints and "nonholonomic hidden symmetries". 
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fined by the metric and/or corresponding almost symplectic structure), the 
Einstein gravity and generahzations were quantized in certain equivalent 
forms using deformation quantization, A-brane formalism and two connec- 
tion renormalization |16ul7j . Such constructions are characterized by special 
types of symmetries derived for the corresponding class of admissible non- 
holonomic deformations of geometric and physical objects in classical and 
quantum gravity. This motivates our study of associated hidden symmetries 
determined by nonholonomic deformations of KY and SK tensors. 

The nonholonomic geometries with induced (by metric structure) tor- 
sions have some similarities, for instance, with possible extensions (black 
hole spacetimes, various supergravity theories etc) of the KY symmetry in 
the presence of skew-symmetric torsion [HI |9l [lOl [201 IHl IISI [22]. They 
also admit generalized KY tensors with corrections which became trivial if 
torsion fields vanish. In order to study the existing common features and 
differences of spacetimes with " generic" torsions and induced (nonholonomi- 
cally) torsions (which are equivalent to the field equations in GR) , we provide 
explicit constructions and analyze the basic properties of nonholonomic KY 
tensors and theirs CKY extensions. 

The results on exact off-diagonal solutions and quantum gravitational 
field theories with nontrivial nonholonomic constraints give rise to two nat- 
ural questions: 1) wether the nonholonomic KY and/or SK symmetries are 
relied, or not, to certain fundamental properties of vacuum and non-vacuum 
gravitational, and gravitational-matter fields interactions and 2) if there 
are some interesting and physically important spacetimes characterized by 
such nonholonomic symmetries? One of the aims of this work is to show 
that nonholonomic hidden symmetries exist naturally for any generic off- 
diagonal spacetime and associated nonholonomic frame structures. We shall 
provide explicit examples of exact solutions (for black ellipsoids, nonholo- 
nomic deformations and gravitational and solitons) and construct /study the 
corresponding nonholonomic generalization of KY and SK tensors. 

The above mentioned types of nonholonomic hidden symmetries are fun- 
damental ones characterizing generic off-diagonal and non-integrable classi- 
cal gravitational interactions. Passing to quantized systems it is necessary to 
investigate if such symmetries "survive", or not, and to perform a rigorous 
study of the corresponding possible conserved quantities and separability 
of the field/motion equations can be preserved. It is well known that in 
the cases of hidden symmetries for the Levi-Civita connection there are 
anomalies representing discrepancies between the conservation laws the the 
classical level and the corresponding ones at the quantum level \24:\ 125] . 
One of main goals of this work is to prove that certain classes of anomalies 
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can be eliminated via corresponding nonholonomic deformations and frame 
transforms. Such nonholonomic hidden symmetries exist for adapted dis- 
tinguished connections, they are not violated under certain quantization 
schemes, being determined completely by the components of the metric 
tensor. The constructions can be redefined equivalently in terms of the 
" standard" Levi-Civita connection but the corresponding formulas are quite 
sophisticate and less obvious then the nonholonomic ones if there are con- 
sidered general nonlinear classical and quantum gravitational systems. 

The plan of the paper is as follows: In section [2] we outline the anholo- 
nomic deformation method of constructing generic off-diagonal solutions in 
gravity theories. We show how the Einstein equations can be reformulated 
equivalently in nonholonomic variables which allows a " magic splitting" into 
subsystems which can be integrated in very general forms. In section [3l 
the hidden symmetries are studied for explicit examples of exact solutions 
described by generic off-diagonal metrics. There are considered the non- 
holonomic symmetries for Kerr-Sen black ellipsoid/hole configurations and 
their solitonic deformations. 

In section [H we prove that nonholonomic hidden symmetries for the Ein- 
stein gravity and certain metric compatible generalizations survive under 
transitions from classical to quantum spacetimes, which is very different for 
the case of holonomic analogs with the Levi-Civita connection. We conclude 
that the gravitational anomalies can be canceled via nonholonomic defor- 
mations for very general nonlinear gravitational systems. Finally, section [5] 
is devoted to conclusions. Some necessary coefficient formulas are presented 
in Appendix. 

2 Nonholonomic Variables and Exact Solutions 

In general relativity theory (in brief, GR) the geometry nonlinear and 
"non-integrable" interactions of particles and fields on a (pseudo) Rieman- 
nian spacetime V, dim V = 4, (endowed with a metric tensor g of signature 
(—1,1,1,1)), is encoded into certain structures of moving frames (equiva- 
lently, tetrads/ vierbeins) ea = e~a{u)d / du— and nonholonomic constraints 
Baep — 6/36^ = W2i3ej- The anholonomy coefficients VFj^ = 1^2/3 (^) vanish 
for holonomic, i. e. integrable, configurations. We shall follow such con- 
ventions: the small Greek indices a, /3, .. can be abstract or coordinate ones 
(we shall use also primed/underlined etc indices for distinguishing different 
types of (non)holonomic frame decompositions). Indices may be underlined, 
a, /3, ... in order to emphasize that they are coordinate ones, running values 
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a,f3... = 1,2,3,4; we shall omit, for simplicity, any priming/ underlying etc 
if that will not result in ambiguities. On convenience, we shall consider also 
"permutations" of signatures with metrics locally parametrized in the form 
(1,-1,1,1), (1,1,-1,1), or (1,1,1,-1). The local coordinates of a point 
u £ V are labeled , partial derivatives are 9^ := d/du^ and functions are 
written as f{u) = f{u°'). 

Under frame transforms, the coefficients of a metric g =gai3e."^ , for 
a dual e", for e"Je/3 = 5^ (where the 'hook' operator J corresponds to the 
inner derivative and 5^ is the Kronecker symbol) are re~defined following 
the rule 

5a/3 = e-„e-^c/^. (1) 

On a spacetime manifold V , we can consider various types of nonholonomic 
structures parametrized by some sets of coefficients {e^ : da ^ Sa}- 

2.1 Manifolds with associated N— connections 

In a general context, we can use the definition of nonholonomic manifold 

V = {V, N), where y is a pseudo-Riemannian spacetime and is a nonholo- 
nomic distribution Jl In this paper, we shall consider distributions defining 
a 2 + 2 splitting, i.e. a non-integrable fibration, with associated nonlinear 
connection (N-connection) structure A^= N satisfying the properties: 

1 . A N-connection is introduced as a Whitney sum N : TV = hV © v'V 
defining a conventional horizontal (h) and vertical (v) splitting. 

2. N-adapted parametrizations of local coordinates and frames and re- 
spective tensor indices on V are considered for u°' = (x*,?/"), where 
h-indices take values i, j, .... = 1, 2 and v-indices take values a, 6, ... = 
3, 4, for a = i + 1 and b = j + 2 respectively contracted with i and 
j. This introduces a local fibred structure when the coefficients of 
N-connection, N"-, for N = N^{u)dx^ (g) d/dy°-, define N~adapted /- 
elongated local bases (partial derivatives), = {ei,ea), and cobases 

"^Such a distribution can be stated by an arbitrary function (or a set of functions) on 

V prescribing a vierbein structure following certain geometric principles. In modern 
gravity, it is largely used the so-called ADM (Arnowit-Deser-Misner) splitting, 3+1, see 
details in [19]. For our purposes, it is convenient to work with an alternative non-integrable 
2+2 splitting, which allows us to decouple the Einstein equations and integrate them in 
"very" general forms [141 115| . Such a technique of generating exact solutions can not be 
elaborated working only with 3+1 decompositions. 
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(differentials), e'^ = (e*,e°), when 

9 5 d 

and = dx^e" = dy" + N,^dx\ (3) 

We shall use boldface symbols for spaces enabled with N-connection 
structure. 

3. In general a metric structure 

g = g^^ (n) dtz" ^ du^ (4) 

on V is generic off-diagonal, i. e. it can not be diagonalized via 
coordinate transforms, and can be always parametrized (up to certain 
classes of frame/coordinate transforms of type ([I])) as 



9^, (u) 



—a 



hheNf hab 



(5) 



Equivalently, such a metric can be represented in N-adapted form (as 
a distinguished metric/tensor, d-metric, d-tensor) 

g= gij{x,y) + gab{x,y)ff ® . (6) 

A parametrization of type ([5]) should be not confused with similar ones 
in the Kaluza-Klein theory when y"" are considered as extra dimension coor- 
dinates on which, for instance, a "cylindrical" compactification is performed 
and Nj{x,y) A'^j{x'')y°' are certain (non) Abelian gauge fields. In our ap- 
proach, Nj are with arbitrary nonlinear dependence on y- — > y"" and state 
naturally certain frame coefficients e% with 2+2 splitting and linear elon- 
gations on in (|2]) and f|3l) . This subclass of anholonomic frames is 
subjected to conditions 

7 



[e„, e_g] = GaG/^ - e^GQ, = W^nG^, (7) 



when the (antisymmetric) nontrivial anholonomy coefficients W^^ = daN^ 
and VFj^j = ri?- are determined respectively by partial v-derivatives of and 

the coefficients of curvature of N-connection 0?- = {Nf) — e-j (^N^^ . Hav- 
ing prescribed a N-connection 2+2 splitting, we can say that our (pseudo) 
Riemannian spacetime is modelled as N-anholonomic manifold (a similar 
situation exists for the ADM formalism when the role of N-coefficients is 
played by the so-called "shift" and "lapse" functions). 
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2.2 Nonholonomic deformations of linear connections 

From the class of linear connections which can be defined on a manifold 
V, we can select a subclass which is adapted to the N-connection structure. 

Definition 2.1 A distinguished connection, d-connection, D ={hD,vD) on 
a N-anholonomic V is defined as a linear connection preserving under par- 
allelism, the N-connection structure. 

The N-adapted components r"g^ of a d~connection D are computed 
following equations D^e^ = T'^^^e^ and parametrized in the form T"'^^^ = 

(4„ q„ C^^) , where D„ = (A, I^a), with hB = [L]^, and vB = 

(Cj^, C^^) determining covariant, respectively, h- and v-derivatives. We 
can associate a differential 1-form F"^ = F"^^e'>' and perform a N-adapted 
differential form calculus. 

The torsion = {T"^^} and curvature TZ"p = {R-"^^^} of D are 
computed respectively 

:= De" = de" + F"^ A e'' (8) 
and °7^"^ := DF"^ = dF"^ - F^^ A F"^ = R^^^^e^ A (9) 

see Refs. [15J for explicit calculi of coefficients (we provide some necessary 
component formulas in Appendix) jf] 

For any metric g (jH) (equivalently, d-metric (H])), we can introduce 
the Levi-Civita (LC) connection V = { X^fs^} as the unique one satisfying 
the metric compatibility condition, Vg = 0, and zero torsion condition, 
:= 0. Such a linear connection is not a d~connection because it does 
not preserve under frame/coordinate/parallel transforms a prescribed N- 
connection splitting. Nevertheless, it is possible to construct decompositions 
of type = + ^Z, for ^Dg = 0, when both the linear connection 

and metric compatible d-connection and the distortion tensor 
are defined in a unique form, following well defined geometric principles, 
by a metric tensor g when a N-connection structure N is presecribed on a 
N-anholonomic spacetime V. 

Theorem 2.1 -Definition. There is a canonical d-connection D com- 
pletely and uniquely defined by a (pseudo) Riemannian metric g ^ for a 

^We shall use certain left "up" or "low" labels in order to emphasize that certain 
geometric objects are determined by another fundamental geometric object, for instance, 
that the torsion '-'7"" is determined by d-connection D. We shall omit such labels if that 
will not result in ambiguities. 
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chosen N = {N^} if and only if Dg = and the horizontal and vertical 
torsions are zero, i.e. HT = {T*^.^} = and vT = {T"^^} = 0. 

Proof. It follows from explicit constructions provided in Appendix, see 
formulas ^K^.D 

We have the canonical distortion relation 

V = D + Z, (10) 

when both linear connections V = { iT"^^} and D = {r''^^^} and the dis- 
torting tensor Z = { 'zP'^j^} are uniquely defined by the same metric tensor 
g dH (see coefficient formulas (jA.ip and ()A.4p : for simplicity, we omitted 
the left label "g"). The connection D is with nontrivial torsion (in general, 
the coefficients T'^j^,T°-j^ and T"-^ are not zero, see ()A.3P ). 

Definition 2.2 The torsion T = {T''^^^} of D, completely defined by data 
(g, N) is called the canonical d-torsion of a N-anholonomic (pseudo) Rie- 
mannian manifold V. 

Such a torsion is nonholonomically induced by N~connection coefficients 
and completely determined by certain off-diagonal N-terms in ([5]). The GR 
theory can be formulated equivalently using the connection V and/or D if 
the distorting relation ([TO]) is used. 

2.3 The Einstein equations in N— adapted variables 

The Ricci d-tensor Ric = {Tia^} of a d-connection D is constructed 
using a respective contracting of coefficients of the curvature tensor ([9]), 
Ra/3 = IV^i^^. The h-/ v-components of this d-tensor 

= {Rij =F R ijk, Ria =F —R ij^a^ Rai =F R aib^ ^ab =F R afecli (H) 

see explicit coefficients formulas in Refs. [15]. The scalar curvature of D 
is constructed by using the inverse d-metric to g ([6]), R = g^'^R^^ = 
g'^^Rij + h'^^Rah, with R = g^^ Rij and S = h^^Rab being respectively the h- 
and v-components of scalar curvature. 

The Einstein equations for a metric gi3s are written in standard form 
using the LC-connection V (and various tetradic, spinor, 3+1 splitting etc 
representations). Using the distortion relations of (jlOp . we can compute 
the respective distortions of the Ricci tensor and of the scalar curvature 
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and consider such values as "effective" sources additionally to the energy- 
momentum tensor for matter fields, i.e. to xT^s, where x is defined by the 
gravitational constant. If = + ^Z, we do not need additional field 
equations (for torsion fields) like in the Einstein-Cartan, gauge or string 
gravity theories. 

Theorem 2.2 The Einstein equations in GR can he rewritten equivalently 
for a nonholonomic 2+2 splitting and respective canonical d-connection D, 



where the source T is such way constructed that T^^ — > xT^^ for D — )■ V. 

Proof. If the constraints are satisfied the tensors T'^^^ ()A.3p and 

Z'^^^ ()A.4p are zero. This states that T'''^^ = T"^^^, with respect to N-adapted 

frames, see (jA.ip . even, in general, D 7^ V (the transformation laws under 
frame/coordinate transforms of a d-connection and of the LC-connection 
are different). In such a case, the equations ([12]) are completely equivalent 
to the Einstein equations for V. □ 

For various purposes, it is more convenient to work with a d-connection 
instead of ^V. For instacne. We can prescribe such a nonholonomic 
2+2 splitting via N-coefficients N = {N^} when became a canonical 
almost symplectic connection, which is important for deformation quan- 
tization and/or A-brane quantization, or two-connection renormalization 
of GR, see [El [T71 [18] . In section [5l we shall show that cancelations of 
anomalies are possible for D being a solution (I12p even, in general, quan- 
tum anomalies exist for V. 

2.4 On generic off-diagonal Einstein spaces 

It is possible a "magic" separation (i. e. decoupling; in our works, such 
words are used as equivalent ones stating some properties of a system of 
nonlinear partial differential equations) of the Einstein equations ()12p for 
D if certain types of parametrizations for the coefficients of N-connection 
N = {N^} of the metric g ([!]) (equivalently, d-metric ([6])) are considered, 
see details, proofs and examples in Refs. [HI [TS] [12l [13] . This allows us to 
solve the Einstein equations in very general forms for any general source^ 

^such sources should be defined in explicit form from certain additional suppositions 
on interactions of gravitational and matter fields; we omit such considerations in this work 




(12) 




(13) 
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parametrized in the form 

T-^ = (^m5[T2(x^y3),T2(x^y3),T4(x^),Y4(x'=)], (14) 

for coordinates = {x^,y^ = v,y^). In a particular case, we can con- 
sider Einstein spaces with T2 = T4 = A = const which define off-diagonal 
Einstein spaces with, in general, nontrivial cosmological constant A. 

Lemma 2.1 Any metric g ^ with coefficients of necessary smooth class 
on a (pseudo) Riemannian V can be represented in N-adapted form as 

g = gi{x'')dx^ (^dx' +oj^{x'',v,y'^)ha{x'',v)e'^ (^e"", (15) 
= dy^ + Wj{x^ ,v)dx^ , = dy" + nj{x'' ,v)dx^ . 

Proof. A d-metric of type (jlSp is of type ([6]) with = wj and A'^^^ = Uj. 
With respect to a chosen coordinate base, we express (jl5p in the form dH), 

cji + uj'^{wi^h3 + n^h^) aj2(u;iU'2/i3 + 'T.ift2^4) uPwih^ uj^nih^ 
_ ti;2(u'iW2^3 + ni7T-2ft.4) g2 + U!'^{w2^h3 + n^h^) uPw2h^ uPn2h4^ 
^-^ ~ uj^wih^ uj'^W2h3 w^/ia 

uj'^nih^ ^^712/14 uj'^h^ 

(16) 

A general metric gap{x^ ^y"") on V can be always parametrized in the form 

([16]) via certain frame transform of type = e—ae-^^ga/s ((!])• For certain 
given values ga/s and gap (in GR, there are 6 + 6 independent components), 
we have to solve a quadratic algebraic equation in order to determine 16 co- 
efficients e—a, up to a fixed coordinate system. We have to fix such nonholo- 
nomic 2+2 splitting when the algebraic equations have real nondegenerate 
solutions. □ 

Let us introduce brief denotations for partial derivatives: a' = da/dx^, 
a' = da/dx'^, a* = da/dy^ and a* = da/dy^ and consider such parametriza- 
tions of (|15p when h* ^ (such conditions can be satisfied for some corre- 
spondingly chosen systems of coordinates and frame transforms e^). Using 
Lemma l2.1|, the solutions of the Einstein equations can be also constructed 
in very general forms, see details and proofs in [141 US] (see also Appendix 
iBj) ; we note that in different works there are used some different parametriza- 
tions and/or systems of reference/coordinates): 

Theorem 2.3 A general class of solutions of the gravitational field equa- 
tions ITlj) for the canonical d-connection D with a general N-adapted di- 
agonal source T"^ [14^ , with T2 7^ 0, is determined by d-metrics of type 
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I75j) (equivalently, by generic off-diagonal metrics of type [TS\)) with the 
coefficients computed in the form 



9i 
hi 

h3 



e,;e 



h^{x^)± / T2{x\v) (exp[2<Pix\v)]) dv, (17) 



^J\h4{x'',v)\ 
^nk{x') + "^Ukix') 



exp[-2<j){x\v)], 



determined by an arbitrary generating function (f>{x^ , v) , (p* ^ 0, any func- 
tions ipi^x^) and (^{x'' ,y"') satisfying the conditions 



BkUJ 



dkU) + WkOJ* + nkUJ^ = 0, 



(18) 



and integration functions hj^ix^), ^nk{x^), '^nk{x^) and ^h/i{x^) to be de- 
termined from certain boundary conditions; in the above formulas = ±1 
and other signs it must be fixed such way to have a fixed necessary signature 
for the chosen class of solutions. 

The solutions defined by data (jl7p and (jlSp are very general ones, with 
generic off-diagonal metrics when theirs coefficients depend on all coordi- 
nates = {x^^y""). They may be of arbitrary smooth class and with pos- 
sible singularities, nontrivial topological configurations which depends on 
the type of prescribed symmetries (singularities etc) for generating and in- 
tegration functions. For such generic nonlinear systems, we can not state 
in general form any uniqueness black hole theorems etc. Certain physical 
interpretation for some classes of solutions can be provided only for special 
classes of parametrization, see examples in section 21 

We can prescribe such nonholonomic distributions with conventional 2+2 
splitting when the general solutions from Theorem 12.31 are restricted to gen- 
erate generic off-diagonal solutions in GR. 



Corollary 2.1 A d-metric i f j5|] with coefficients (11) and ([T^) define exact 
solutions of the Einstein equations for the LC-connection V if the generating 
and integration functions are constrained to satisfy the conditions 



ejln|/i4|,efc7i;j = eiWk,n* = 0,dink = dkUi. 



(19) 
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Proof. By straightforward computations we can verify that if the con- 
straints (jl9p are solved the conditions (jl3p are satisfied, i.e. the torsion 
(TOl) of D is zero. □ 

We note that uj = const the generating solutions are with Killing 
symmetry because the ansatz for metrics does not depend on variable y^. 
Such subclasses of off-diagonal solutions are also very general ones. 

Finally, it should be emphasized that a similar theorem can be formu- 
lated for vacuum solutions with T"^ = 0, see details in Refs. I15j. A 
limit T"^ —7- may be a not smooth one on A for such generic nonlinear 
solutions. For simplicity, in this work we shall consider only Einstein spaces 
with nontrivial cosmological constant A, T"^ — )• A (5"^. The conditions (|19p 
have nontrivial solutions, see Corollary IB. 21 

3 Hidden Symmetries for Generic Off— Diagonal 
Solutions 

Following the conditions of Theorem 12. 3| the Einstein equations can be 
solved in very general forms if the coefficients of a generic off-diagonal metric 
are defined by some data pT|) . ([T8|) and ([19]). In this section, we construct in 
explicit form some classes of solutions describing nonolonomic deformations 
of the metrics for Kerr-Sen black holes, analyze possible solitonic deforma- 
tions and study the associated hidden nonholonomic symmetries. Finally we 
shall study the hidden symmetries of nonholonomic deformations of Kerr- 
Sen metrics. 

3.1 Nonholonomic analogous Kerr— Sen black holes in GR 

Let us consider an ansatz for a "primary" metric 



o 



(20) 



where 




= dip + Wi{u)dx^ , 6t = dt + ni{u)dx\ 
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with local coordinates = (x^ = r,x^ = 9,y^ = ip,y^ = t), for some given 
functions and constants 

$ = ^{x'),Wk = Wk{u'^),nk = nk{u'^),p'^=r'^+a^cos^e, 
V = p^{x') + 2br, °S{r)=r^ -2{M -b)r + a^, 
M = const, a = const, b = const. 

In general, such a metric (j20p is not a solution of the Einstein equations. If 
we chose a respective class of coefficients for the metric ansatz and matter 
fields, 

Wi = ni = 0,$ = 2\n{p/^p), A = -rQ{''p)-'^{dt-asm'^edip), (21) 
H = 2ab{ ^p)'^d^ AdtA [(r^ - cos^ 6) sin^ 9dr - r °5 sin 2ede] , 

we generate the Kerr-Sen black hole solutions in the low-energy string the- 
ory given by the effective action 

(22) 

where °R is the Ricci scalar determined by the LC~connection °V of 

°ga/3> i-e- the metric in the string frame; ^ is the dilaton field; F = dA 
is the Maxwell field and H = dB — ^yl A dA is the 3-form for the skew- 
symmetric torsion field Hap-^ determined by an antisymmetric tensor field 
Bap in string gravity (see details in [HI [32l |33l [H] ) . The data (f2T]l describe a 
black hole with mass M and angular momentum J = Ma, when a nontrivial 
charge Q induces a magnetic dipole momentum ^ = Qa. When the twist 
parameter b = Q"^ /2M is zero, we get the Kerr black hole known in GR. 
In the so called Einstein frame metric when = e~* °g, the solutions 
present certain fundamental string modifications of the Kerr geometry and 
possess some inherit properties and hidden symmetries. 

Our goal is to construct a new class of solutions in GR which will gen- 
eralize the Kerr metric as certain nonholonomic Kerr-Sen spacetimes when 
some nontrivial N-connection coefficients Wk = Wk{u^) and n^ = nk{u^) 
approximate off-diagonal gravitational contributions of metrics which are 
similar to H and $ fields. Namely, we shall demonstrate that such solutions 
possess hidden nonholonomic symmetries with canonical d-torsion occurring 
in the theory for more general classes of frame deformations but vanishing if 
the nonholonomic structure is correspondingly re-defined. For the reason to 
understand the physical properties of nonholonomic modifications of Kerr- 
Sen solutions for GR, compare with their analogs in the string frame and 
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show how geometric method can be apphed for constructing exact solutions 
in gravity theories, our study will be mainly concentrated on ellipsoidal and 
solitonic deformation. 

The ansatz (j20p can be expressed equivalently in a diagonal form 

°g = dr®dr+ °g-ide ® dO + °/i3 dip dip + "h^ dt ® dt, (23) 

for a new system of coordinates 

= {x' = J ^/rS\''\r)dr, ^ = e,y^ = ^, = t), (24) 

where 

°gi{r,e) = °g2{r,9) = e''{'pfrh4r,e)='K+'K, (25) 

for /3 = -as\T? 6, q= -{r'^ + 2br + a^)/a, 

= -05(V)~', 2^ = a2sin2 0( V)~'e*. 

At the next step, we consider a nonholonomic deformation of the above 
metric 

°g = [ °ha, °K = 0] ^ (26) 
for corresponding gravitational "polarization" functions 

Va = 1 + Xa = iVi = + Xi{x''),Va = I + Xa(x^ if)) (27) 

and off-diagonal (N-connection) coefficients Wi{x^, cp)) and 'ni{x^ , if)), when 

dip ^ = dip + Widx^, dt ^ = dt + riidx^ . 

Such a "target" d-metric ''g is supposed to be generic off-diagonal of type 
(jlSp (equivalently ()16p ). with respective coefficients chosen in the forms 
(jl7p and (jlSp . and must define exact solutions of the Einstein equations 
for the canonical d-connection and, for the corresponding restrictions, for 
the LC-connection, when the source — > A (5°^, see formula ()14p and the 
conditions stated in Lemma l2.H Theorem 12.31 and Corollary 12.1 [ 

For some classes of nonholonomic deformations, we can consider that 
some Xa in polarizations (j27l) are small values, \xa\ < 1; which allows us to 
provide certain physical interpretation of such classes of solutions to be very 
similar to that for the Kerr-Sen metrics but (in our case) in GR, with some 
off-diagonal modifications, let say, with ellipsoid and/or solitonic symme- 
tries. 

Using the results provided in Corollary IB. 21 and Remark IB.H we prove 
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Theorem 3.1 The set of stationary solutions for i26\) defining nonholo- 
nomic deformations of a originating from string gravity d-metric i20\) into 
generic off-diagonal metrics for Einstein spacetimes in GR are parametrized 
by gravitational polarizations 

rji = 1+Xi = e^^^'\rii = l+Xa (28) 
generated by a function X4(2^*) 'p), for X4 / 0) where (j) = In y^lA °/i4X4| o,nd 

X3 = -1 + (A °/l3)-^ 

(J^][^($ + 21n| VI)] = A and d{ W)/dx' = d{ ^ni)/dxK 

The set of solutions ()28p is defined for any A 7^ (in a similar form, it is 
possible to generate vacuum solutions, see details in [HI [15]; the lengths of 
this paper does not allow us to consider such metrics). 



In y|T— xXT) ( f-B- 5]) with ip^x^) being a solution 



3.2 Ellipsoidal deformations and gravitational solitons 
3.2.1 Rotoid deformations 



We can chose a class of noholonomic deformations when data (j28|) define 
a black ellipsoid solution in GR (such solutions were studied also in (non) 
commutative and/or string/brane models of gravity; they seem to be stable 
and, for Einstein configurations, do not violate the conditions of black hole 
uniqueness theorems, see details in [34 ^ 114 ^ [T5] and references therein). 

The generating function (gravitational polarization) is chosen X4 = — 1 + 
( °/i4)^^ [q + eg), where 



j{x\e,ip) = i 



2^^x{r,e,ip) q(r) 

-, q{x ,e,ip) = -f^sm.{u:Qip + Lpo). (29) 



Following Theorem 13.11 there is a class of exact solutions (for any fixed 
parameter e) 



5ip 



gi {dx^ (g) dx^ + d9(^ dO) + 

^-1 2 _ _ 

In w |2 — g — e^l j 5ip ® 6{p—[q + eg) 6t(^6t, 



dip + widx^ + W2d6, 6t = dt + uidx^ + n2d9. 



(30) 
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Such generic off-diagonal (anisotropic) stationary metrics posses rotoid sym- 
metry with " elhpsoidal horizon" when the condition of vanishing of the met- 
ric coefficient before 6t (8) 5t, i.e. /14 = 0, states a parametric elhptic config- 
uration of type r_|_ ~ 2 ^/i/ ^1 + £^!r sin(t<;o¥' + <^o)^ > for a corresponding 

gg(r). The parameter e is just the eccentricity for a rotating elhpsoid. 

For small values of e > 0, a metric (|30p describes nonholonomic black 
ellipsoid - de Sitter configurations, when the coefficients of metrics contain 
dependencies on "primary" values like °gi and °/i4 in (I20p (equivalently, 
()23p ). We argue that such solutions define in GR certain rotoid black hole 
objects mimicking " nonholonomically deformed" black holes. The physical 
properties of such solutions are determined by three sets of data: the "pri- 
mary" data for the Kerr-Sen metrics, the ellipsoidal type of nonholonomic 
deformations stated by values ()29p for X4, and a nontrivial cosmological 
constant A. 

In the limit e — > 0, we get a subclass of solutions with spherical symme- 
try but with generic off-diagonal coefficients induced by the N-connection 
coefficients, i.e. by the corresponding nonholonomic deformations. This 
class of spacetimes depend on cosmological constants which, in general, are 
polarized nonholonomically by nonlinear gravitational interactions. We can 
extract from such configurations the Schwarzschild solution if we select a set 
of functions with the properties (p const, Wi ^ 0,nj — ?> and /14 zu'^, 
where w'^ is chosen to determine the horizon of a static black hole. Finally, 
we emphasize that the parametric dependence on cosmological constants, 
for such nonholonomic configurations, is not smooth. 



3.2.2 Kerr Sen rotoids and solitonic distributions 

The solutions for the Kerr-Sen rotoid configurations in GR """^g (j30p can 
be generalized by introducing additional stationary deformations induced by 
a static three dimensional solitonic distribution r](x^,6,(p) as a solution of 
the solitonic equatiorH 

rj" + e{rj' + 6rj t]* + r]***)* = 0, e = ±1. (31) 

We construct and analyze two different types of solitonic nonholonomic de- 
formations of Kerr-Sen black holes. 

^r] can be a solution of any three dimensional gravitational solitonic stationary solitonic 
distribution and/ or other nonlinear wave equations if we construct exact solutions with 
running in time solitons when are functions of type ri{t, 0, ip), or rj{£^, 6, t), see [34J 
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De Sitter type solutions with 3 d solitonic polarizations of masses: 

The geometric "target" data are generated by a "vertical" distribution 
r]{x^,6,ip) when the coefficients of v-metric are computed in the form 



where 



(f){x^,9,ip) 



[q + eg) , /13 



1/14 



-24> 



-ln|A [ °/i4 + e + 67777* + ??* 



(32) 



By straightforward computations, we can verify that the conditions of The- 
orem 13.11 with /i4 = °/i4 lb A~^e^'^ are satisfied if and only if r/ is a solution 

of dSH). 

Using formula (j29p . we can relate the solitonic function 77 to certain 
gravitational polarizations of mass, when (for simplicity, we can consider 
e = 0) 

..,-1 . ^ . 2 V(r,^,vj) 



v"{x\e,^) = i 

r 

Putting together the coefficients, we get the metric 



rot 
IsolB 



5ip 
6t 



+ 



d(f + wi{x^ , 6, ip)dx^ + W2{x^ , 0, (p)d9, 
dt+ ^ni{x^,e)dx^+ ^77.2(x\i 



(33) 



(34) 



6*)-i# and Uk 



^?ifc(x*) are 
32|) and subjected 



where the N-connection coefficients Wi - 
respectively computed using the generating function 
to the LC-conditions (fT9|) . 

The class of generic off-diagonal metrics (|34p are similar to the rotoid 
Kerr-Sen configurations in GR (|3Up . For small £, such solutions define black 
ellipsoids with solitonically polarized mass ^fi{r,6,ip) = /xq + ^l^iif^^^^v)^ 
following ([55]) . We suppose that it is possible to detect such black rotoid ob- 
jects via anisotropic polarizations of their masses when certain gravitational 
solitonic waves act on such generic off-diagonal black ellipsoid solutions. 



Arbitrary solitonic deformations of the v components of d metrics: 

We construct another class of nonholonomic solitonic transforms from ^°^g, 
(j30P to a stationary 2stS determining stationary metrics for a rotoid in 
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solitonic backgrounds, 

™*g = e^(^''^) °gi {dx^ ® dx^ + dB® dO) + (35) 

2 

dip ® Sip — T] (^q + eg) 6t (g) 6t, 

6(p = dip + wi{x^ ,9,(p)dx^ + W2{x^ ,0,(f)dO, 
St = dt+ ^ni{x\e)dx^ + ^n2{x^,e)de. 

The conditions of Theorem 13 . 1 1 and Remark lB.ll are satisfied for any nontriv- 
ial solution ri{x^, 9, p) of the sohtonic equation (|3ip if we chose the generating 
function 

^ = ^ln\X[%4±Tl{q + ^£)]\ (36) 

for computing the values Wi = (0*)~^^ ^iid = ^nk{x^) subjected to the 
LC-conditions (fT9]l . 

There is a substantial difference between two classes of solitonic grav- 
itational solutions dM]) and ([35]) . In the first case, the 3-d distribution 
r](x^,6,p) is a solitonic one if the Einstein equations are satisfied. In the 
second class, the distribution may be a solitonic type, or another one, and 
such off-diagonal metric ansatz defining Einstein spacetime manifolds do 
not transform the field equations into certain solitonic ones. The generating 
function <^(x^, 9, ip) ([36]) is such way chosen that 2stS ([35]) describes a rotoid 
Kerr-Sen configuration ^°*g (I30p imbedded self-consistently into a solitonic 
background r]{x^,9,p) (j3T]) in such forms that, for instance, black ellipsoid 
properties are preserved for various types of nonlinear waves. 

3.3 Hidden symmetries for nonholonomic Kerr— Sen metrics 

The quadratic elements for all classes of solitonic Kerr-Sen rotoid con- 
figurations constructed in this section can be represented as nonholonomic 
deformations ()26p of the metric ()23p via gravitational polarizations (j27p . 

Ss^ = °gi{r,9) iy^\r,i{r,9)\dx'f+ °ha{r,B) {^\va{r,B,p)\e-f , 
= dp + Wi{r,9,p)dx'^ , e'^ = dp + ni{r,9,p)dx'^ , 

for X* = {x^(r),9) and y'^ = y"' = {p,t). The coefficients/multiples in this 
formula are considered in a form when an exact solution for the Kerr-Sen 
and/or ellipsoidal/solitonic configuration is defined. 
Let us introduce the following basis of 1-forms: 

- [e' = pV\m\dx\e^ = V\m\pdO, = ( ' p^^ pa sine {^/l^le" + gv^e^), 
= i'pr'pVrS\iV\m\^' + l3V\m\e')] (37) 
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when the target metric is written 

^g=e^ + (g) 0# - e"^ (gje"^. (38) 

In general, the nonholonomically induced canonical d-torsion T (|A.3p is 
not completely antisymmetric. Nevertheless, alternatively to this d-torsion, 
we can define another torsion field (which is also completely determined 
nonholonomically by the metric structure and parametrized by two functions 
before absolute anti-symmetric tensors, e^^^ and e^^^, with respect to a dual 
base (1371) 1. 



-2a sin 



= -2p-ia(cos^)^^ -Cp)-'^±p-'^ 



when 



Hr^± . ^ >^±g234 ^ <2-±el24. (39) 

The torsions are similar to the torsions associated to H studied in 

Ref. [llj. Nevertheless, constructing our solutions we have not involved 
additional field equations for the matter fields and torsion (we shall write 
in brief ■'^T if it will not be not necessary to state exactly with what sign 
+, or — , we are working for some constructions). There is not a general 
smooth transform -^H because our gravitational field equations for 
target metrics are not derived from an action of type (j22p . For some classes 
of nonholonomic constraints on the off-diagonal gravitational field dynamics 
we can mimic certain types of matter field interactions. 

There are two obvious isometrics dt and d^p for a general (non) holonomic 
Kerr-Sen metric. Such a geometry also admits an irreducible Killing tensoilfl 

"K = a" cos2 e (e^e^ - e'e^) + r\t + # ® e^). 

The first one can be related to the canonical d-torsion T ()A.3P and/or 

auxiliary torsion ([39]) in such a form when a nonholonomically induced 

torsion is included naturally into a generalized closed CKY 2-form. We 

change T and consider '^Dx^' := Vx'f + |(XJ ^T+) f\ when 

1 

"d^ = d* - -^T+Zy* = e" A -^Da* = e' A ^Dj* + e" A -^Da*, 

1 



®such a geometric object is responsible for separability of (charged) Hamilton-Jacobi 
equation in the complete integrability of the motion of particles; with respect to anholo- 
nomic frames, the constructions can be generalized to include nonholonic variables and 
non-integrable dynamics 
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We can verify explicitly that: 

Corollary 3.1 On (n + m) -dimensional N-anholonomic (pseudo) Rieman- 
nian space, the value = a cos ^e^ A + re'^ A is a closed nonholonomc 
CKY 2-form obeying the conditions 

^Dx(+/i)=X^A ^^={l-n-m)-^ ^d*{+h). 

If both conditions Z = (|13p and = 0, i.e. for holonomic con- 

figurations, the existence of ^h determines explicitly a tower of hidden 
symmetries and states uniquely (up to (n + m) /2 functions of one variable) 
the canonical form of metric. Such holonomic principal CKY tensors and 
related symmetries are studied in Refs. [351 ES]- For generic off-diagonal 
metrics, hidden nonholonomic symmetries exist naturally and they are as- 
sociated with induced torsions. The constructions are similar to those pre- 
sented in sections 2 and 3 of Ref. [llj for generalized closed CKY 2-forms 
with nontrivial torsion and generated towers of hidden symmetries with that 
difference that in our work we consider different types of torsions. 

A nontrivial nonholonomic structure does not allow a simple recovering 
of symmetries from the divergence of ^/i (contrary to the "holonomic" Kerr 
solution). Following the conditions of above Corollary, we can introduce 
such nonholonomic values 

= ^d*( +/i) = p-i(-^^e^ + asin^e3), 

= {V\m\°h,)-'dt. 

For holonomic configurations, there is a smooth limit r/4 ^ to data (I2ip 
with 6 = in (j20p . when both torsions T and vanish and we recover 
the standard Kerr geometry. 

There is another closed nonholonomic CKY 2-form associated to non- 
holonomic and holonomic Kerr-Sen type geometries 

a cos 6* A - r A e*, 

^d*( -h) = -p-^ (v^e^ + asin^e^) , 

with respect to a different torsion ^T" := ^r^e^^^^ <T~ei24 Ref. [11], 
see formulas (3.15) - (3.17), it is considered that such a torsion is "rather pe- 
culiar" because it remains non-trivial even in the holonomic Kerr geometry. 
In terms of the geometry of nonholonomic manifolds, this is not surprising 
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because rotating Kerr black holes can be described naturally with respect 
to rotating system of coordinates. Such geometric/physical objects have 
already a specific anisotropy determined by rotations and the associated 
torsion are induced by rotating frames of reference. In a more gen- 

eral context, the constructions can be extended to arbitrary nonholonomic 
frames including those related to N-connections and certain off-diagonal 
terms in the metrics. 

Finally, in this section, we note the nontrivial nonholonomic structures 
associated to off-diagonal solutions are characterized additionally by vari- 
ous types of hidden nonholonomic symmetries with induced torsions which 
play an important role in stating criteria of separability of Hamilton-Jacobi, 
Klein-Gordon, Dirac equations etc, which nonholonomic variables. Such 
constructions were provided, for instance, in Refs. [TT], for holonomic Kerr- 
Sen and Taub NUT backgrounds, and in Refs. [12^ I13j . for nonholonomic 
Taub NUT solutions and Dirac operators. The length of this paper does 
not allow analyze certain constructions related to nonholonomic Kerr-Sen 
configurations. 

4 Nonholonomic Symmetries and Quantum Grav- 
itational Anomalies 

In previous section, we proved that there are natural nonholonomic hid- 
den symmetries determined by non-diagonal components of metrics which 
characterize different classes of generic off-diagonal solutions of Einstein 
equations. Usual hidden symmetries, for holonomic configurations, with the 
LC-connection, result in gravitational anomalies (studied in various mod- 
els of quantum gravity). The surprising thing is that we can find such 
nonholonomic hidden symmetries when certain classes of anomalies can be 
canceled (for some auxiliary, but not less fundamental, connections); at the 
end, all constructions can be re-defined equivalently in terms of the LC- 
configurations. The aim of this section is to show how some types of quan- 
tum gravitational anomalies derived for nonholonomic hidden symmetries 
can be eliminated. 

We consider a physical system when possible non-integrable constraints 
are encoded into the frame structure of a nonholonomic manifold V, dim V = 
n + m. To find the necessary conditions for the existence of constants of, in 
general, constrained motion in a first-quantized system we replace momenta 
by derivatives and look for operators commuting with the Hamiltonian 7i. 
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In our approach, it is defined using the canonical d-connection, 

■H = U = D/3g^TD^ = D^jD^. (40) 

For holonomic configurations, T-i transforms into the Hamiltonian % defined 
by V and corresponds to a free scalar particle when the covariant Laplacian 
(d'Alambert operator □ = V/3V^, constructed for the same metric) is acting 
on scalar s. 

In general, the classical conserved quantities associated with SK tensors 
do not transfer to the quantized systems which results in quantum anoma- 
lies. In what follows we shall analyze the quantum anomalies in the case of 
nonholonomic SK and CSK d-tensors and, to make things more specific, we 
confine ourselves to the case of tensors of rank 1 and 2. 

Let us consider a conserved operator corresponding to a conformal Killing 
d-vector K" in the quantized system yQ = K°Dq. A quantum gravita- 
tional anomaly can be identified by evaluating the commutator [□, Qy]*!' 
for the solutions of the Klein-Gordon equation, <I> E C°°(V), with the Klein- 
Gordon d-operator (|40p . A straightforward calculation with respect to N- 
adapted frames is similar to that in usual (pseudo) Riemannian spaces but 
using D instead of V. It gives 

[n, yg] = ^ ~ ~ (D"Dm^) + ^— D^K"D . (41) 

n + m \ / n + m 

For a Killing d-vector K", this commutator vanishes and there are no 
quantum gravitational anomalies (this property holds both for the holonomic 
and/or nonholonomic systems). But for conformal Killing d-vectors the 
situation is very different. Even for solutions of the massless nonholonomic 
Klein-Gordon equation, □$(x) = (we can also consider □<I>(x) = 0, when 

the zero torsion conditions are satisfied), the term ^D'^D'^K^^ Dq, from ()4ip 
survives and, in general, the system is affected by quantum gravitational 
anomalies. 

Using a tedious evaluation for N-adapted canonical operators (which is 
similar to that for the LC configurations, provided in Refs. 126]). we 
prov^: 

Lemma 4.1 a) For a quantity tQ '■= Dq-K^'^D^, the commutator 

[□, tQ] = 2(D(^K"'3)D^D„D^ + 3D^(D(^K''^))D^D^ + 

{--D^(R^ [7K'31'^) + D^[ig^^(D''D(^K^'3) - D^'D^'^K^^)) + D„D(''K"'^']}D0. 
3 2 



^arranging the right side into groups with three, two and just one derivatives and 
consequently it is impossible to have compensations between them 
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b) In the case of SK d-tensors all the symmetrized derivatives vanish and 
[□, TQ] = -te^(R.[^K^l'^)D^. (42) 

Similar formulas for D — )• V and SK tensors positively exhibit quan- 
tum anomalies, i. e. the classical conservation law does not transfer to 
the quantum level. Even if we evaluate the commutator for CSK tensors 
associated with CKY tensors and the LC connection we do not obtain a 
cancelation of anomalies |26j. Therefore we are not able to identify any fa- 
vorable circumstances on the CSK tensors in order to achieve a conserved 
quantum operator. This problem seems to exist for all hidden symmetries 
of gravitational models with, or not, torsion. 

Nevertheless, there are possibilities to consider such nonholonomic distri- 
butions on a spacetime V, when the associated nonholonomic commutator 
(|42p computed for D vanishes. 

Theorem 4.1 For any given data (g, V) and prescribed N-connection struc- 
ture N, we can construct nonholonomic deformations to some chosen canon- 
ical data ''g, ^N, ''d) when [ ^Q, ^Q] = 0. //N is fixed to solve the LC 

conditions /il3\) (for a zero nonholonomically induced canonical torsion), 
the nonholonomic gravitational anomaly vanishes for the Einstein spaces, 
[^□, ?.Q]=0. 

Proof. In general, a metric g is not a solution of Einstein equations for 
V. We fix a nonholonomic splitting with a "primary" N consider nonholo- 
nomic deforms of type (similarly to ([261) and (f27|l ) 

g = [gi, ha, Nn ^ (43) 

where r/^ = 1 + Xa = (f?i = 1 + Xi{u'^),Va = 1 + Xa{u'^),Vi = + xH'^^)- 
We do not consider summation on repeating indices in the above formulas. 
The gravitational polarizations r]^ and r]f are uniquely defined if we chose 
any ^g defining an exact solution of 

"R = A ''g ^s, (44) 

see equations (jl2p for source (|14p defined by a nontrivial cosmological con- 
stant A. The solutions can be always constructed following the conditions 
of Lemma |2. II and Theorem 12.31 and (for the LC conditions) Corollary 12.11 
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For different classes of solutions ''g, we have different types of hidden 
nonholonomic symmetries determined by the primary data (g, V) and target 

data ^ ^g, ''N, ''D^ . If the LC conditions ()19p are satisfied and g is also 
a solution of the Einstein equations, we can constrain the class of nonholo- 
nomic transforms, i.e. the gravitational polarizations r]a and r]f in such a 
form that ''g is generated via a frame transform of g. In both cases, for 
a chosen class of target exact solutions, the r/~coefficients characterize the 
"flexibility" , i.e. symmetry of with respect to possible nonholonomic deforms 
(|43p . For explicit geometric constructions, we can fix the target metrics to 
be certain classes of nonholonomic Kerr-Sen black hole configurations in GR 
(for instance, with small ellipsoidal and/or solitonic deformations). 

If the conditions (|44p are satisfied for the commutator (j42p . we get 
[ ^D, j,Q] = 0, even (in general), computing for g we have [□, tQ] 0- We 
conclude that we can always eliminate such gravitational anomalies for cer- 
tain classical symmetries of a (pseudo) Riemannian metric g if we suppose 
that such a metric can be nonholonomically deformed to a solution of the 
Einstein equations for a canonical d-connection uniquely defined by the 
same metric structure. Such nonholonomic hidden symmetries characterize 
both the "off-diagonal" nonlinear properties of g and its "flexibility" to be 
transformed in Einstein spaces. □ 

It is not possible to provide proofs of the above Lemma and Theorem on 
nonholonomic cancelation of anomalies (or other results related to nonholo- 
nomic hidden symmetries) for spaces endowed with general torsion structure 
even there are various attempts and examples related to (super) string the- 
ory [HI [H [22l [23l [6]. For generic off-diagonal configurations in GR, such 
constructions can be performed in a simplified form if it is known how a 
result can be derived, for instance, for a (non) vacuum solution °g and cor- 
responding LC-connection °V using certain vanishing commutators. Via 
nonholonomic deformations, °g — )> ^g, we can derive necessary type canon- 
ical decomposition °V — )• ''D = ''V — generalizing the "anomaly" 
formulas for ''D which (in general) contain non-trivial torsion components. 

Remark 4.1 If we select for such nonholonomic parametrizations that 
the conditions ^4\ ) o,nd M9fl are satisfied, we get [ ^D, ^Q] = 0, i. e. 
canceling of certain anomalies for ''D and, for zero torsions, for ''V. We 
can always define such ''D with nonholonomic hidden symmetries even we 
begin with a primary metric °g for which [ ^Q] ^ 0. Computations for 
nontrivial are much simple and similar to those for °V, with °T = 0, 
because the distortion tensor from [W\) is completely determined by the 
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metric tensor and finally constrained to be zero. 

We emphasize this important consequence of the above Theorem: We 
can always cancel anomalies of a Klein-Gordon operator in GR if we chose 
a corresponding class of nonholonomic deformations of the frame and linear 
connection structures uniquely defined by the metric structure. Finally, we 
recover the conditions for the LC configurations for some specials subclasses 
of nonholonomic deformations. 

5 Conclusions and Discussion 

In this work we have studied a new class of hidden nonholonomic sym- 
metries of generic off-diagonal solutions in the general relativity theory. 
Such Einstein spacetimes can be generated via nonholonomic frame trans- 
forms and deformations of fundamental geometric objects (for instance, of 
the linear connection structure and related differential operators, Riemann 
and Ricci tensors etc) to certain gravitational configurations with explicit 
decoupling of some generalized Einstein gravitational field equations. This 
allows us to find solutions in very general forms when the coefficients of 
off-diagonal metrics depend on some classes of generating and integration 
functions. Imposing nonholonomic constraints on such integral varieties, 
we select the torsionless Levi-Civita, LC, configurations and generate solu- 
tions in the Einstein gravity theory (such methods and various examples are 
provided in Refs. [H [El IISI IH [34]). 

Via nonholonomic deformations, various types of torsion fields can be 
induced on a (pseudo) Riemannian manifold. Such torsions are very dif- 
ferent from those, for instance, in the Einstein-Cartan and/or string grav- 
ity theories because, in our approach, they are completely defined by the 
off-diagonal coefficients of the metric tensor following certain well defined 
geometric principles. We do not need additional field equations for such 
nonholonomically induced torsion fields, as it is considered, for instance, in 
and all constructions can be performed equivalently to those for the 
LC connection. 

The gravitational and matter field interactions in the Einstein gravity 
theory and modifications have a generic nonlinear character. They are char- 
acterized by various types of nonlinear symmetries and different classes 
of nonholonomic constraints. An effective tool for study such classical and 
quantum interactions is the formalism of Killing- Yano and Stackel-Killing 
tensors and their higher order generalizations and extensions to nontrivial 
torsion fields, off-diagonal metrics, non-integrable constraints etc. Their 
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generalized conformal and anholonomic analogs are related to a multitude 
of theoretical and mathematical physics issues such as classical integrability 
of systems together with their quantization, supergravity, string theories, 
hidden symmetries in higher dimensional black-holes spacetimes, etc. 

The considerations in this article are totally classical. Nevertheless, cer- 
tain constructions emphasize the existence of important quantum effects 
because of possible elimination of certain types of quantum anomalies by 
classical nonholonomic transforms/deformations. Let us briefly discuss such 
issues: We found new classes of generic off-diagonal exact solutions in gen- 
eral relativity and modifications possessing hidden symmetries generated by 
corresponding Killing- Yano and Stackel-Killing tensors. The classical con- 
served quantities are not generally preserved when we pass to the quantum 
mechanical level, i.e. certain anomalies may occurs. In this work, there are 
analyzed gravitational anomalies determined by surviving (in general) of 
the second term in commutator (14ip by evaluations for the solutions of the 
Klein-Gordon equation with nonholonomically deformed Hamiltonian (j40p . 
It should be emphasized here that we consider the concept of "quantum 
gravitational anomaly" in a very restricted sense, i.e. for certain quantum 
operators on classical curved spacetimes when we do not have a well de- 
fined and generally accepted model of quantum gravity. See, for instance, 
[26| and, for a review of main concepts on such quantum anomalies re- 
lated to the wave, Klein-Gordon and Dirac operators, the section 6 of [40]. 
The physical importance of Theorem 14.11 is that it concludes a procedure of 
nonholonomic deformations resulting in vanishing of certain classes of (non- 
holonomic) gravitational anomalies (even we are not able to identify any 
general favorable circumstances of CSK tensors in GR, and modifications, 
in order to construct conserved quantum operators) . This allows us to trans- 
fer certain classical conserved quantities on off-diagonal spacetimes to the 
quantum mechanical level if necessary types of nonholonomic constraints are 
imposed on a corresponding classical nonlinear gravitational dynamics. 

Let us speculate on possible quantum effects of "nonholonomic elimi- 
nation" of anomalies. For the Kerr and Reisner-Nordstrom curved-space 
backgrounds, there is a relationship between the quantum conservation laws 
and the corresponding quantum numbers associated to operators that com- 
mute with the wave operator in a first-quantized field theory. If the Ricci 
curvature vanishes for any such type exact solution, this implies the ex- 
istence of a Killing vector /tensor in the first-/ second-order cases and a 
corresponding constant for theories in the classical limit. Surprisingly, such 
a property can be preserved under certain classes of off-diagonal nonholo- 
nomic deformations of solutions (as we proved in our work). Perhaps, this 



26 



is explained in some sense as straightforward consequences of something 
more fundamental. In [3T|, we proved that such nonholonomic deformations 
can be constructed in a general form depending on finite sets of parame- 
ters inducing corresponding hierarchies of conservation laws which, in their 
turn, result in bi-Hamilton and associated solitonic hierarchies |42j . Such 
terms contribute efficiently in the Hamiltonian (j40p determined by nonholo- 
nomic deforms of the Klein-Gordon d-operator and may result in observable 
quantum effects and new types of conservation laws of solitonic nature. In 
section [3?2| we provided explicit examples of solitonic deformations of exact 
solutions which via nonlinear and linear connection coefficients distort the 
d'Alambert operator. 

Another application is similar to that for the Runge-Lenz constants 
in the nonrelativistic hydrogen atom problem. The hidden symmetries of 
generic off-diagonal solutions involve certain generalized types of conserved 
quantities. If in the "hydrogen atom problem" the Runge-Lenz constants 
and conservation law are additional to the well known for the axial angu- 
lar momentum, energy, and proper mass, their nonholonomic deformation 
generalizations arising with hidden ellipsoid, solitonic, parametric or other 
symmetries also may give rise to the degeneracy of energy levels. We can 
prescribe a kind of Geroch multi-parametric group for anholonomic deforma- 
tions and associated solitonic parameters |41| for certain classes of solutions 
but, in general, only the existence of certain hidden symmetries can hardly 
provide a satisfactory explanation in itself. It connects certain mysteries to 
some possible prescribed symmetries. Perhaps, this provides a generaliza- 
tion of the "Schiff conjecture" concerning the relationship between classical 
mechanics, with nonholonomic constraints, generalizations to nonholonomic 
frames in gravity and the equivalence principle, see details in |37j . 

It is an interesting question how the fact of canceling gravitational anoma- 
lies for certain hidden nonholonomic symmetries demonstrated in this work 
can be applied in modern quantum gravity. There are certain quantization 
schemes based on introducing alternative connections in the Einstein grav- 
ity theory and generalizations (for instance, the almost Kahler Cartan one, 
which is also completely defined by the metric structure in a compatible 
form), see Refs. [16 \ I17[ [T8] . How such various bi-connection formulations 
of a classical and quantum gravitational model can be related to new in- 
sights on nonholonomic canceling of anomalies and renormalization problem 
of gravitational interactions is a matter of further research and elaborating 
new geometric methods. 

Finally, it should be emphasized that an obvious extension of the results 
of this paper can be performed for study hidden symmetries for nonholo- 



27 



nomic generalizations of particle like gravitational solutions and Einstein- 
Yang-Mills-Higgs systems considered in Refs. [381 EH [32] • We should apply 
the nonlinear connection formalism and the results on generic off-diagonal 
Taub NUT configurations, running black holes and generalized solutions for 
the Einstein-Dirac solitonic and pp-waves [Ml [T21 US] • We plan to address 
such issues in our further works. 
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A N— adapted Coefficients for d— Connections 

For convenience, we present some necessary formulas from the geometry 
of N-anholonomic (pseudo) Riemannian spaces, see details in [15]. 

The coefficients of the Levi-Civita (LC) connection V = { iT^^o} for the 
metric ([6|) (computed with respect to N~adapted basis ([2]) and ([3|)) can be 
written in the form 

.r% = f^«, + ^%- (A.i) 

The value D = {f^^^ = (2;^, ^^fc, q,, O^^J} with coefficients 

L'jk = ^.9"'(efcgir + e-jgkr - ergjk), C^^ = ^h'"'-{echM + ^chcd - edhbc) (A.2) 

defines the canonical distinguished connection (d-connection) . By straight- 
forward computations, we can check that it is metric compatible, Dg = 0, 
and its torsion T = {T\^ ^ - f ^^„^f f V,, f «^ H,, ^J, is with 

zero horizontal and vertical coefficients, = and T*^^ = 0. There are 
also nontrivial h-v- coefficients 

~ ^jk ~ ^kj^-'^ ja — ^jb^^ ji — ji) l^-'Jj 

'^aj = ^aj ~ ^a{]^j),T%^ = C^c ~ ^cb- 

The distortion tensor Z^^^^ in (jA.ip is also constructed in a unique form 
from the coefficients of metric N-connection, 

^jk — 'Ji '^jk ~ ^'^jbyikn ~ 2 Jfe' ^bfe — 2 i*:^''" ^ "jk ^hb^ 



ya _ -^-^ab j^c yi _ }_r)a ji , •^ih f^j 7"- — (\ 

^bk — "cd ^kbi ^kb — 2 jk'^cbg + "jk ^hb^ ^bc ^ 



ya — "flfl rjic yl y 

^jb — "cb ^jd^ '^ab — ~ 



i-ja"'cb T J^jb'i'ca 



(A.4) 
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for Sf, = i(<5;.5,^-5,fcg^'')and ^Ef^ = ^{S-S', + h^.h^'^). 

Any geometric and physical formulas for the connection V can be equiva- 
lently redefined for the canonical d-connection D, and inversely, using (jA.ip 
because all involved geometric objects (two different connections and the 
distorting tensor) are uniquely defined by the same metric structure. 



B Decoupling and Integration of Einstein Eqs 

We briefly summarize the results on generating off-diagonal solutions in 
gravity [Til fTS]. 

Using the conditions of Lemma 12.11 and computing in explicit form the 
Ricci and Einstein tensors, we prove: 

Theorem B.l (decoupling of equations). The Einstein equations for D 
iA.^) and ansatz for the metric g U5\) with uj = 1 and any general source 
Y", are 

Ri=R2 = -7, [92 - -7, 5 +9i - -7 7, — \ = -T2(.T ), 

25152 2^1 2g2 2g2 2gi 

R ^fc [i,** (^4)^ h^hl hi dkh-i dkh4 dkhl _ 
2/^4^^ 2hi 2/^3^ 4^4^ hs hi ' 2hi ~ 

The system of partial differential equations (jB.ip is with decoupling of 
equations (the "splitting" of equations is used as an equivalent one; we 
should not confuse this with the property of separation of variables). For 
simplicity, we can consider a subclass of solutions when for the chosen N- 
system of reference /i* 7^ oH 

Corollary B.l The system of equations W. 1]) for y^ = v, gi = eiC^^^''^ and 
h* ^ 0, 7^ 0, ^'4 7^ 0, can be written equivalently in the form 

= 2^i{x^) (B.2) 
hi = 2/13/14^2(2;'', t')/!/'*, ^Wj + aj =0, n**+7n* =0, 

h* \h 
/or = In j^=i=|, 7:= (In^^)*, a, = hld,<P, /3 = hl^ . 
VI/13/14I l^-sl 



*If ^3 — 0, or hi = 0, the solutions can be constructed similarly (in certain cases, they 
can be transformed from one to another one via frame/coordinate transforms). 
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The systems of equations (jB.ip and ()B.2p can be integrated in general 
forms following the results of Theorem l2.31 we can generate solutions for the 
LC connection if the zero torsion conditions of Corollary 12.11 are satisfied. 

Let us study the "vanishing torsion" conditions (jl9p . For general sources, 
T°^, it is quite difficult to prove in an explicit analytic form that such 
equations have nontrivial solutions. 

Corollary B.2 We can adapt the nonholonomic distributions for generic 
off-diagonal Einstein spaces with T"^ = XS^'g, when ^'2 = ^'4 = A, and 
parametrize the data (11) and M^) for the coefficients of metric ansatz in 



such a form that /il9\) determine some classes of nontrivial solutions, when 
the d-torsions /iA.3\) for D are zero. 

Proof. Let us consider a solution (fT7|) and (fTSj) when the coordinate 
system and boundary conditions are fixed in the form that hiix'^) = 0, 
= and di ^nj{x^) = dj ^ni{x^). In such cases, we must prove that 
/14 = ±X~^e'^ and Wi = di(j)/(f)* have for some classes of functions (j)[x^,v), 
<j)* 7^ 0, certain nontrivial solutions of (|19p . i.e. 

w* = ejln j /14I and diWj = djWi. (B.3) 

Expressing h^ and Wi explicitly via (/), we get from (IrB that (j)**di(j) - 
<j)*{di(p)* = 0. As a particular case, these equations can be written in the 
form {dicj) / (j)*)* = w* = 0, when Wi = ^Wi{x^). Choosing (f> = ^(l){x^)(j){v), 
we generate solutions with separation of variables, ^Wi{x^) = idi ^(f) and 
(f) = for a nonzero constant l. In general, we can consider various 

types of nonholonomic constraints (I19p for selecting from data (I17p and (llSp 
very different families of solutions in GR. □ 

Remark B.l Integrating on variable = ip and taking = ^h^ix^), 
ej = 1, = rjic'^^^ ) ^9i{x''),'ni = e^e'^^^ a; = 1, in coordinates [24\ ) 
and for the "initial" data °ga i25\). the " one~Killing" off-diagonal solutions 
|j7p and 1^1^ for the Einstein spaces can be represented in the form 

■[V'($ + 21nI Vl)] = A, (B.4) 



Wi = -((/)*) nfc = ^nfe+ ^nfe j dip h^/ 

for respectively given °h4{x^),^{x^), ^p{x'^) and chosen generating/ integra- 
tion functions cl){x^,ip), ^nfc(x*), ^71^(5?*) subjected to the conditions II B. 3\) . 
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To consider possible small nonholonomic deformations °gQ — ?• '^ga 
is convenient to express the formulas ()B.3p via polarization functions ()27p 
when, for X ^ 0, ha = °har]a = °ha{l + Xa)- Using the second formula in 
()B.4p . for /i4, we can express (p = In y^|A °/i4X4| and consider for such classes 
of solutions a "new" generating function X4(5?*, V?)- The third formula for 
from that system of solutions allows us to express 



X3 



l + (A°/i3)"' Inv^T^X^ • (B.5) 



We conclude that all ^-coefficients of off-diagonal metrics and N-connections, 
see ansatz (I15p (equivalently (I16p ) for the Einstein spaces with Killing sym- 
metry on d/dy'^, up to arbitrary frame transforms, are functionally deter- 
mined by X4, i-e. (l)[Xi],ha [Xi], Wi[x4],nk[xi]- 
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